Abstract. Let a, b, c > 0. We investigate the characterization problem which asks for a classification of all the triples (a, b, c) such that the Weyl-Heisenberg system {e 2πimbx × χ [na,na+c) : m, n ∈ Z} is a frame for L 2 (R). It turns out that the answer to the problem is quite complicated, see Gu and Han (2008) and Janssen (2003). Using a dilation technique, one can reduce the problem to the case where b = 1 and only let a and c vary. In this paper, we extend the Zak transform technique and use the Fourier analysis technique to study the problem for the case of a being a rational number. We prove some special cases of values for c and a that do not produce a frame, which expands earlier works.
Introduction
Let g ∈ L 2 (R) and a, b ∈ R + . We use (g, a, b) to denote the Weyl-Heisenberg system (also called a Gabor system) {E mb T na g : m, n ∈ Z} generated by a window function g where E b g(t) = e 2πibt g(t) is the modulation operator and T a g(t) = g(t−a)
is the translation operator. We say that (g, a, b) is a Weyl-Heisenberg frame (WHframe for short) for L 2 (R) if there exist two positive constants A, B such that
if the second inequality in (1.1) holds. We refer to the excellent survey papers of
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Casazza [1] and Heil [5] for some background material and recent development in the WH-frame theory. For any g ∈ L 2 (R), a fundamental question in the WH-frame theory is to classify all the a, b such that (g, a, b) generates a WH-frame for L 2 (R). One general restriction is the density condition which forces ab 1 if (g, a, b) is a frame. Although it is a key condition for a WH-frame, the density condition is still far from providing an answer to the fundamental question. This is generally believed to be a quite difficult problem. In fact, up to the very recent time just few functions have been solved completely, such as the Gaussian g(t) = e In this paper, we are concerned with the problem when the window function g is a characteristic function χ E of a measurable subset of R. Without loss of generality we assume that b = 1 and 0 < a < 1. For the simplest case g = χ [0,c) , it is slightly surprising that the classification of all a, c ∈ R + such that (χ [0,c) , a, 1) is a frame is a very difficult problem (called the abc-problem), which is associated with a complicated set-Janssen's tie (see Subsection 3.7 in [7] ). Janssen [7] has obtained many elaborate results on a, c for (χ [0,c) , a, 1) being a frame or not. Gu and Han [4] established a new way to how study this problem and got a characteristic criterion for (χ [0,c) , a, 1) being a frame. Although classification has been obtained for some cases, this problem appears to be very difficult in general. In this paper, by virtue of the technique of Fourier analysis, we make some progress on this problem. The paper is organized as follows. In Section 2, some known and new results are presented. In Section 3, we give proofs of the new results.
Preliminaries
Let ⌊c⌋ be the largest integer which is less than or equal to c and let {c} = c − ⌊c⌋ be the fractional part of c. For the cases 0 < c 2 and 0 < a 1, (χ [0,c) , a, 1) has been solved completely as to whether it is a frame or not (see 3.3.5, 3.3.6 and 3.4.3 in [7] and also [4] ). First we recall the following theorem given by Janssen [7] , Propositons 3.2.2 and 3.3.4.
Theorem 2.1. Let c > 2 and let p, q be two positive integers.
(1) When a = 1/q, then (χ [0,c) , a, 1) is not a frame if and only if {c} ∈ [0, 1/q) ∪
(1 − 1/q, 1). (2) When a = p/q with gcd(p, q) = 1, then (χ [0,c) , a, 1) is not a frame if {c} ∈ [0, 1/q) ∪ (1 − 1/q, 1).
